Abstract. We consider a family of explicit compact schemes for advection in one dimension. The order is arbitrarily high. These stencils may be called Strang's stencils after the seminal work of Strang [J. Math. Phys., 41 (1962), pp. 147-154]. We prove that odd order schemes are stable in all L q under CFL one. The strategy of the proof is similar to the one of Thomée [J. Differential Equations, 1 (1965), pp. 273-292] with a careful verification that all sharp estimates on the amplification factor are independent of the CFL number. This is possible based on a general representation formula for the amplification factor. Numerical results in one dimension confirm the analysis.
Introduction.
We consider the numerical discretization of the advection equation ( 
1.1)
∂ t u + a∂ x u = 0, a > 0, in one dimension by means of some very high order finite difference schemes [15, 6, 5, 18, 22] , which can also be interpreted as finite volume schemes. Our interest in this family of schemes stems from the use of such methods in more complicated problems, where they have proved to be very efficient in terms of both stability and accuracy. See, for example, the three-dimensional (3D) computation of an acoustic wave in the atmosphere [7] , where we used the 17th scheme in each direction (x, y, z) of a 3D Cartesian mesh. Among many other possibilities for the discretization of advection and the one-dimensional (1D) related wave equation, we single out [2, 1] . In a simplified finite difference form [9, 16] on a Cartesian grid, the family of linear schemes may be written as The coefficients of the scheme are the α r 's. These are functions of the CFL number ν = a
Δt
Δx . The analysis is limited to explicit and compact schemes with a stencil of p + 1 contiguous cells. We will show that this is compatible with the order in space and time of the scheme which is p. Once p has been chosen, k determines the shift of the scheme, as described in Figure 1 .1. We will show in section 2 that there is a one-to-one correspondence between the schemes described in this paper and the pairs (p, k).
Basic examples are the well-known upwind scheme u A third order in space and time O3 scheme (p, k) = (3, 1) is defined by a convex combination [8] of the Lax-Wendroff scheme and the Beam-Warming scheme: O3 = (1 − α)LW + αBW with α = The criterion for stability in L 2 that we retain is [16] (
1.4) |λ(θ)| ≤ 1 ∀θ ∈ R.
What is important is to have the stability inequality (1.4) for ν in the largest interval. The seminal works of Iserles and Strang [20, 12] answer this question and show that the order in time and space p can be arbitrary large. See also [11, 3, 13] . In our framework the Iserles-Strang theorem can be stated as follows. Theorem 1 (Iserles and Strang [20, 12] ). The only pairs (p, k) for which the stability inequality (1.4) is true for all ν ≤ 1 are p = 2k + 1, p = 2k, and p = 2k + 2. This is a special case of Iserles and Strang's more general theorem [12] .
So stable and compact schemes can be grouped into three families. The first family p = 2k + 1 begins with the upwind scheme and the O3 scheme; the second family p = 2k begins with the Lax-Wendroff scheme; and the third family begins with the Beam-Warming scheme. We will give a new proof of this property. We will also prove in the appendix that for p = 2k + 2, inequality (1.4) is true for all ν ≤ 2.
Actually the "sufficient" condition of the theorem was already given by Strang [20] for the special stencils considered in this work (one may call them Strang's stencils). What is more difficult to prove is the "necessary" part. In [12] it was proved for general stencils with the theory of order stars. In our case the proof is much easier, since it is based on a compact formula that we obtain for the amplification factor
where for convenience
Our main result is a new stability inequality in all L q for the p = 2k + 1 family. 
That is, only the first family of odd order schemes is stable in L q for 1 ≤ q ≤ ∞. In [8] the property (1.7) is called asymptotic stability because the constant D p does not depend on n nor on the CFL number ν. The proof follows the strategy in Fourier proposed in [8] with a careful verification that the technical conditions are fulfilled for all members of the family p = 2k + 1. In [8] , the proof of the stability inequality (1.7) was restricted to the O3 scheme in the case q = 1 and q = ∞. The fundamental reason why only p = 2k + 1 schemes are stable in all L q is because the leading order of their amplitude coefficient in Fourier is real negative. In section 5.3 we analyze in more detail why the theorem cannot be true for even order schemes.
Actually the property is similar to a result proved by Thomée [21] ; see also [4] . What is new with respect to Thomée's work is the following: (a) the proof that the general theory applies for all Strang's stencils provided p is odd, and the proof relies on sharp estimates for λ(θ); (b) the fact that the stability estimates do not depend on the CFL number ν. The satisfaction of (b) is important for practical situations where one can rarely choose the CFL number. On the contrary, even order schemes p = 2k and p = 2k + 2 are not stable in L 1 and L ∞ even if they are stable in L 2 : moreover their dispersion is highly dependent on the CFL number. Some results provided in the numerical section confirm this theoretical analysis.
Some consequences of these very strong stability properties have been explored in [8] . In particular it is shown that it is possible to derive optimal convergence estimates, and also that such methods have very low dispersion and dissipation. Basic numerical experiments reproduced at the end of this work will illustrate these facts. Let us stress one consequence of (1.7), which is that
where TV(u) is the total variation of the numerical profile u. It is sufficient to apply the inequality (1.7) for q = 1 to the numerical gradient of u to obtain this inequality. Therefore these methods are TVB (total variation bounded), which explains why they control the oscillations. In view of these considerations, it is possible to think that the stencils p = 2k + 1 have potential applications to ENO and WENO schemes (we refer to [10, 19] ). This is completely open. This work is organized as follows. We show that two schemes with the same pair (p, k) are equal. It gives a compact representation formula of the amplification factor. In section 4 we give a new proof of the Iserles-Strang theorem for p = 2k + 1. The next section is devoted to showing that all odd schemes p = 2k + 1 are also stable in all L q , as stated in Theorem 2. In the next section we show that the incremental or finite volume formulation is nondegenerate for ν ≈ 0. Then we give the results of basic numerical experiments, which illustrate that odd order advection schemes are indeed stable in all L q and illustrate also that even order advection schemes oscillate much more. In the appendix, we show how to extend our proof of the Iserles-Strang theorem for even order schemes p = 2k and p = 2k + 2. For p = 2k + 2 the CFL requirement for stability in L 2 is ν ≤ 2. Finally we give a theoretical explanation why even order schemes are not stable in all L q .
Uniqueness property.
Lemma 3. Two schemes (1.2) with the same order p and the same shift k are equal.
Consider a scheme (1.2) of order p ≥ 1 with a stencil of p + 1 contiguous points. Since the order is p then the scheme is exact over all polynomials of degree less than or equal to p. That is, 
Consider the polynomial sequence
The p + 1 unknowns of this linear system of size p + 1 are the γ r 's. The matrix of the system is a Vandermonde matrix with a nonzero determinant. Therefore the matrix is nonsingular and
A consequence is that all of the schemes derived in [6, 5, 18, 22] are the same, provided they have the same pair (p, k). It also covers the explicit schemes of [12, 20] .
We now use this property to obtain a direct derivation of the schemes by means of a Fourier expansion of the symbol of the translation operator. The Fourier symbol of the translation operator (that is, translation by one cell Δx) is e iθ , while e iνθ is the Fourier symbol of the advection operator by a smaller length νΔx = aΔt. The discretization process amounts to approximating e iνθ by a truncated expansion of e iνθ into Laurent series with respect to e iθ ,
3)
The degree of P p is p. So the expression P p (e iθ − 1)e −kiθ is an approximation at order p + 1 of the exact symbol. Therefore this expression is the Fourier symbol of the (p, k) scheme.
For example, take p = 2 and k = 0. Then
The coefficients coincide with those of the Beam-Warming scheme.
To extend further the analysis, we define f k (z) = (1 + z) k+ν . The Taylor formula states
One has to restrict the formula to θ ∈ [0, π) because there may be (we have to assume that p + 1 − k − ν ≥ 1) a singularity in the integral for θ = π and t = Lemma 4. For a given (p, k), the amplification factor of the scheme
Since by construction the schemes have real coefficients, then
Formula (2.3) shows that the Fourier symbol is λ(θ)
is the leading term in the Taylor expansion of f k (z) with z = e iθ − 1. There-
This completes the proof.
3. Study of the amplification factor. The integral (2.5) has a singularity for θ = π. So we modify the path of integration in the complex plane, as explained in Figure 3 .1, in order to remove this singularity [17, 23] and to obtain a more convenient formula. Let us study the integral in formula (2.5):
Set z = 1 + t e iθ − 1 so that A can be seen as an integral in the complex plane along the straight line that joins z = 1 to z = e iθ . Instead of integrating along the straight line, we integrate along the circle |z| = 1, which is another possibility to connect z = 1 to z = e iθ . This path change is valid, provided the pole z = 0 does not lie in the closure of the domain bounded by the direct path and the circular path. This holds true if θ < π. So let us assume for the moment that 0 ≤ θ < π. One has dz = e iθ − 1 dt and e iθ − z = (1 − t) e iθ − 1 . So
Next we define ϕ ∈ [0, θ] such that z = e iϕ . So after the change of integral path,
Plugging A in (2.6), one gets
where α k,p is given in (1.6). After simplifications, one obtains the formula
This formula is valid by continuity for θ = π − . Since λ(θ) is a truncated Laurent series with respect to e iθ , it is also analytical for θ ∈ R. Therefore formula (3.1) is valid for all real θ.
To pursue the discussion we assume for convenience that p is odd. In this case the stability inequality in L 2 , that is, |λ(θ)| ≤ 1 for all real θ, is equivalent to
The less interesting complementary case where p is even is discussed in the appendix.
Stability in L
2 . In this section we give a new proof of the Iserles-Strang theorem. This is based on the examination of formula (3.2). We think the sufficient part of this new proof is much more elementary than the previous Iserles-Strang proof, which is based on order stars theory. For the sake of convenience we restrict the analysis to odd p's.
Necessary condition.
A first condition for (3.2) to be true for all θ is that the integral
does not change sign when θ varies, because if the sign changes, then the first square in (3.2) shall be strictly greater than one. Let assume for a moment that k −
The first right-hand side is positive:
The second integral is negative:
Let us perform the change of variable ψ = θ − ϕ in the second integral.
is negative, and the whole sum is also negative. On the other hand the integral (4.1) is positive for a small θ > 0. The sign of the integral changes strictly when θ increases from 0 to π, which means that (3.2) is violated for some θ. Therefore a necessary condition of stability is 
The symmetry of λ(θ) implies that
and replace it in (4.2). We obtain
One can write
where
= cos βπ (cos βθ cos βϕ + sin βθ sin βϕ) − cos βθ (cos βπ cos βϕ + sin βπ sin βϕ) = sin βϕ (cos βπ sin βθ − cos βθ sin βπ) = sin βϕ sin β(θ − π).
cos βθ,
It means the scheme is L 2 stable in the case p = 2k + 1.
More estimates.
In the following we will need sharper estimates, which we prove now. From now on we consider that 0 < ν ≤ 1. We also restrict the analysis to θ ∈ [0, π] since the other case, θ ∈ ]π, 2π[, is obtained by symmetry; see (2.7).
Proposition 5. One has the estimate
The rather technical proof is split into two steps. First step. Consider the fraction in the right-hand side of (4.4),
that (4.4) may be rewritten as h(θ) ≤ −μ(θ) cos(βθ). It is immediate to see that
Therefore μ is concave and lies above the chord joining (0, 1) to (π, 0), that is,
So one gets the intermediate result
By definition (1.6) one has ν(1 − ν) 
Therefore we can write
It implies that (4.8) is true for all θ ∈ [0, π]. Now we take the simple choice θ(k) = constant = π 2 . One also has sin 
Proposition 6. One has the bounds
where m 2 (k) > 0 and m 3 (k) > 0. One has
that is, (4.9). The second derivative of σ is bounded as
After evident simplifications one gets (4.10).
Stability in L
q . Let us define the translation operator T : 
The powers of T are (T
The inequality is actually an equality for q = 1 and q = ∞. Note that this holds true for all norms · for which T = 1. Therefore, uniform stability is not restricted to L q norms alone. The coefficients b r,n are expressed as a function of the amplification factor as follows:
One has the formula
The rest of the proof consists in getting various estimates for b r,n , which will be enough to bound r∈ |b r,n |.
Estimates for b r,n . The first estimate is immediate since |λ(θ)| ≤ 1 for all
For the second estimate we use inequality (4.7).
Using the symmetry relation (2.7) one gets |b r,n | ≤
It is a matter of standard manipulations to get The last estimate comes from (3.1), which allows one to write
where σ has been defined previously. Integrating by parts twice, one gets another expression:
The function g(θ) = nσ σ n−1 + n(n − 1)(σ ) 2 σ n−2 e i(r+nν)θ which is under the integral, satisfies, like the function λ, the conjugation relation (2.7). So
for which we can use our estimates on the derivatives of σ.
The right-hand side of (5.2) depends on two terms. The first one, multiplied by |r + nν| 2 , is
One has
with m 6 (k) > 0. If n = 0, this inequality is trivially true. If n = 1, then
which means that inequality (5.3) is also trivially true. For n ≥ 3 the second term in (5.2) implies
, provided n = 0, 1, 2.
with m 7 (k) > 0. If n = 0 or n = 1, this inequality is trivially true. If n = 2, then
and inequality (5.4) is also trivially true. Defining m 5 = m 6 + m 7 proves the claim.
Proof of Theorem 2.
We use all the previous estimates to get a bound for
Let us define an arbitrary integer number N > 0. We split the sum into two parts:
. For the first sum, one notices that
To finish the discussion, we distinguish between two cases.
• Assume that m 4 (k) (nν (1 − ν) )
Then we take N = 1, which turns into
• Assume on the contrary that m 4 (k) nν(1 − ν)
. 
In the even order these estimates are no longer true, and this is the reason why Theorem 2 does not hold for even order schemes. Indeed consider the case p = 2k. From (A.3) one gets h(θ) ≈ −νθ. Using the inequality
Inequalities (4.9)-(4.10) remain the same, that is,
We observe two problems. The first one is that the power of θ is one more in (5.7) than it is in (5.6). The reason is that this inequality measures the damping provided by the amplification factor. For even order schemes, the leading term is necessarily purely imaginary and so cannot contribute to the damping. The damping is provided by the next term in the series. This is the reason for the p + 2 instead of the p + 1. Moreover we observe the coefficient before the power of θ has a stronger dependence with respect to ν (ν 2 instead of ν). It highlights that for small CFL number, the damping in (5.7) is not sufficient to counterbalance the oscillations caused by (5.8)-(5.9). For example, it is an explanation why the Lax-Wendroff scheme highly oscillates in the regime ν ≈ 0.
Since the p = 2k + 2 case is treated in section (A.3) by comparison with the case p = 2k with trick ν = 1 − ν, therefore the same conclusion holds true. But we get in the case p = 2k + 2 the estimates
For this family the damping (5.10) is very small in the regime ν ≈ 1. Numerical observations (not reproduced in this paper) confirm this behavior; see [8] for the Beam-Warming scheme. See also the discussion in the section on numerical results.
Incremental formulation. The incremental or finite volume formulation is
To obtain this incremental formulation, one has to reorganize all contributions in the general finite difference formulation (1.2). A necessary condition is of course α r (ν) = 1. This is easy to check. But there is also the "dissipation" issue. Indeed if the flux u n j+ 1 2 contains a fractional dependence with respect to the CFL number ν, which is possible as well because we divide by Δt to pass from the finite difference formulation to the incremental formulation, then the scheme degenerates in some sense in the limit ν → 0 + . It corresponds to a loss of consistency in this regime. The typical example is the Lax-Friedrichs scheme, which is known to be very dissipative for small time steps. This is why it is important to verify that the flux u n j+ 1 2 can be defined as a polynomial with respect to ν, without any = u j . For (p, k) = (3, 1) one gets the flux of the O3 scheme studied in [8] :
This scheme can also be defined as a convex combination of the Lax-Wendroff scheme (coefficient 
The finite volume formulation of this scheme is
Numerical examples.
In order to illustrate the interest for practical computations of the strong stability properties of the advection schemes p = 2k + 1, we give the results of some numerical examples. The initial condition that we consider is singular. It is a Dirac mass at the origin u(0, ·) = δ(·). The exact solution is of course u(t, ·) = δ(· − at). We use 100 cells (Δx = 1 100 ), so the numerical at t = 0 is a discrete Dirac function of amplitude 100 in the central cell. We use the schemes p = 2k + 1 and p = 2k for k = 0 to k = 4.
A first series of results (ν = 0.5) is displayed on Figure 7 .1. The results for p = 2k + 1 are clearly less oscillating than for p = 2k. It is not surprising since the odd order schemes are TVB (1.8).
We plot in Figure 7 .2 the results computed with a small CFL number ν = 0.05. The strong dependence of the even order schemes p = 2k with respect to ν is visible. On the contrary the L 1 stability and TVB stability of the odd order schemes uniformly with respect to the CFL number ν is also evident.
It is also worthwhile to derive more quantitative estimates of the diffusion and dispersion coefficients of the schemes in order to have a better understanding of the numerical results. These coefficients are the first two nontrivial coefficients in the Taylor expansion of 
